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Control of the nonlinear wing rock motion of slender delta wings using a nonlinear Hx robust method is
presented. The wing rock motion is mathematically described by a nonlinear, ordinary differential equation with
coefficients varying with angle of attack. In the time domain approach, the nonlinear H robust control problem
with state feedback is cast in terms of a Hamilton-Jacobi-Bellman inequality (HJBI). Assuming that the coefficients
in the nonlinear equation of the wing rock motion satisfy a norm-bounded nonlinear criterion, the HJBI can be
written in a matrix form. The state vector is represented as a series of closed-loop Lyapunov functions that result
in reducing the HJBI to an algebraic Riccati inequality along with several other algebraic inequalities. These
inequalities can be successively solved to a desired power in the series representation of the state vector in the
HJB equation. The results of the nonlinear Ho state feedback control are compared with those obtained with the
linear Hy state feedback control, indicating the necessity of employing nonlinear feedback control for nonlinear

dynamics.

I. Introduction

T ahigh angle of attack, the flowfield of a slender delta wing is

characterizedby a strongly organized vortical flow emanating
fromits leadingedges. The vortex sheetsemanating from the leading
edges roll into a pair of vortices. As the angle of attack increases,
these vortices interact with each other and the wing to produce a
sustained, large-amplitude, rigid-body oscillation known as wing
rock.! Such oscillations lead to a significant loss in lift and can
cause a serious safety problem during maneuvers such as landing
or takeoff. The maneuvering envelope of an aircraft exhibiting this
behavioris also seriouslyrestricted because the maximum incidence
angleis oftenlimited by the onsetof wing rock before the occurrence
of stall. Therefore, the control of wing rock motion is of significant
importance.

Wing rock motion has been mathematically modeled using wind-
tunnel datain Refs. 2 and 3. It has been shown that the aerodynamic
coefficients of the aircraft change substantially when wing rock
motion occurs. If the changes in the aerodynamic coefficients are
assumed to be a system uncertainty that needs to be recoveredin the
control design, then the H,, technique can be effectively employed
to achieve this goal.

Application of H, control to stochastic and uncertain systems
has been extensively studied during the past decade. The important
contributions to H,, control theory and its application have been
made where linear uncertain systems*> are concerned.Zames® was
the first to introducethe H,, conceptof controlto stochasticsystems,
followed by importantcontributionsto the developmentof H,, con-
trol theory by Francis and Doyle,” Glover and Doyle,® Petersen,
Bernstein and Haddad,'® and Francis.!' Petersen'? was the first to
consider the linear H,, suboptimal control by state feedback. A pio-
neering contributionto H. suboptimal control via output feedback
has been made by Doyle et al.'* References 14 and 15 describe sev-
eral applications based on the formulations of Doyle et al.'* The
work of Doyle et al.!® has led to the formulation of the problem
in terms of finding the optimal value y of the transfer function.
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Recently, the mixed H,/ H,, control formulations have been devel-
oped and are described in Refs. 16 and 17. The application of the
H,, reduced-order design is given in Ref. 18. The H,, estimation
(filter) problem s described in Ref. 19. The discrete H,,, suboptimal
control and filter problem has been extensively studied in Ref. 20.
However, all of the preceding references are restricted to linear
systems.

The early pioneering papers on the application of H,, control
to nonlinear systems are due to Isidori and Astolfi,?!?? Isidori, >
and van der Schaft»~%? Additional related research in this area
can be found in Refs. 28 and 29. These papers show that the non-
linear H,, control problems can be cast in terms of a Hamilton-
Jacobi-Bellman (HJB) inequality (HJBI) when using full state
feedback control and in terms of two HJB inequalities with esti-
mated feedback control. One of the earlier methods of solving the
nonlinear optimal control problems based on the HIB equation is
the method of regular perturbations, also called the e-parameter
method. Important contributionsbased on this method can be found
inRefs. 30-34. This method assumes that the closed-loopLyapunov
function (CLLF) is an &-parameter series expansion. The solution
of the HIB equation with this description of CLLF gives both the
CLLF and the optimal control. The nonlinear optimal control prob-
lem is very closely related to the nonlinear H,, control because both
problems can be cast in terms of the HJBI. Therefore, several con-
cepts from optimal control theory can be employed to determine the
relationship between the closed-loop Lyapunov derivative and the
smallest value of y for nonlinear H,, control.

In this paper, a nonlinear H,, technique is employed to control
the nonlinear wing rock motion and to recover the uncertain coeffi-
cientsin the equation of motion. The CLLF is assumed to be a series
based on the powers of the state vector as shown in Refs. 30 and 35.
It is shown that a series solution for the state vector and control is
obtained by substituting this CLLF into the HJBI. The suboptimal
H,, seriessolutionis compared with the linear H,, suboptimalcon-
trol for the wing rock motion. It is shown that the nonlinear H,,
controller can be effectively employed to stabilize all wing rock
motions in the domain of interest.

II. Problem Statement and Objective
A. Problem Statement
The nonlinearwing rock equation of motion for an 80-deg slender
delta wing can be written as (see Ref. 1)

P+ DO=wp+ b+ LGP+ by + u (1)
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Table1 Coefficients for the wing rock motion from Ref. 1

o C1 (&5} a a as ag as

21.5 0.354 0.001 —-0.04207 0.01456 0.04714 —0.18583 0.24234
22.5 0354 0.001 —0.04681 0.01966 0.05671 —0.22691 0.59065
25 0354 0.001 —0.05686 0.03254 0.07334 —0.3597 1.4681

where ¢, ¢, and u represent the bank angle, the roll rate, and the
imposed control input, respectively. The control input here is the
angular acceleration (deg/s*) that can be generated by the aileron
deflection angle. Reference 1 gives the following relations for the
coefficients employed in Eq. (1):

b, =c a3

2 _ —
w" = —0a, Hy =¢Ca; — 6

Hay = €104 by =cas (2)
The values of these coefficients for various angles of attack are
shownin Table 1. Here, the values of the coefficientsfor o =22.5 deg
are selected to describe the nominal wing rock model. The differ-
ences in the coefficients of the nominal model and those for the
two neighboring angles of attack shown in Table 1 are assumed
to be the nonlinear parameter uncertainties. By substituting the
values of Table 1 into Eq. (2), and by defining the state vector
x =(x1, )" =(p, 9)T,Eq. (1) canbe writtenin the following state-
space form:

X = A x + Ay(x) + As(x) + AA(x) + Bou + Gyw

y =(C+AC)x 3)
where
0 1
A = 4)
—0.0201 0.0105
0
Ay(x) = [ 0] (5)
Az (x) 0 (6)
X) =
’ 0.02596x3 — 0.1273x2x, + 0.5197 Lx,x
0
B, = [ ] M
1
and

1 0
el .

In Eq. (3), AA(x) is the nonlinear uncertainty in the system, and
Gow is the disturbance. Note that the higher-power terms in the
control matrix and the output matrix are zero in this example. In
Ref. 36, it is shown that the disturbance in the lateral motion of
the aircraft is in roll acceleration ¢ only. A disturbance in the roll
rate acceleration  is, therefore, assumed. Now, introducing a small
disturbance w in the state variable ¢ results in

Xo =X +w 9
Neglecting the higher-power terms in the description of the gust,

the nonlinear state equation for the gust variable from Ref. 36 can,
therefore, be described as follows:

0
e[ )

which indicates that the disturbance is generated in the roll rate.
The gust effect on the bank angle is indirectly obtained from the

roll rate because the roll rate is one time derivative higher than the
bank angle. Thus, the state-space model of the wing rock motion is
completely established.

B. Objective

The objective is to find a nonlinear robust feedback controller
such that the nonlinearuncertain wing rock system (3) is stabilized.
To solve this problem, the nonlinear uncertainty of the system is
assumed to be bounded as

1A A € Q(x) (11)
where
Q(x) =AAg-x+ AA(x) -x + AAy(x) - x (12)

The following constraint is applied to the uncertaintiesin Eq. (12):

AA, E,
AA(x) | =] Ei [F(x,DlJy Ji(x) S(x)] (13)
AAy(x) E,

where (Ey, E|, E, and Jy, J,, J,) are known, properly dimensioned
matrices in which E, and J, are constantand E,, E, and J,, J, are
given as functions of x. Note that F' is an unknown time-varying
matrix satisfying

IFx,nll <1 % elo, ] (14)

with the elements of F' being Lebesgue measurable. Note that the
subscripts of the matrices in Eq. (13) represent the power of the
state variable. The matrix F' is included in the uncertain parameter
in the state matrix of the system given by Eq. (3) and is allowed to
be state dependentaslongas Eq. (14) is satisfied for all possiblestate
trajectories. The matrices Ey, E, E, and J,, J;, J, specify how the
uncertain parameters in F affect the normal matrices of system (3).
It can be shown that the upper bound for F does not cause any loss
of generality. Also, F is normalized to satisfy Eq. (14) by properly
choosing the matrices E,, E,, E, and Jy, Ji, J;.

The following matrix inequality'® is employed to find the suitable
linear formulation for the system satisfying the constraint (13):

JWFE + E[F'Jl <(1/&)J,J] + € E|E, (15)
where ¢ is an arbitrary positive scalar.

III. Method of Analysis

A. Theoretical Formulation
Consider a time-invariantnonlinear system as follows:

X = A(x) + Bu + Gw x(0) =xg

y =C(x) A(0) =0 C(0) =0 (16)
where x € R", yE R?, u€ R™, and w € R?. In Eq. (16), x is the
state vector, u is the control vector, and w is the disturbance vector.
Note that A(x), B, G, and C(x) have compatible dimensions. The
objective of the H, control design is to find a robust control u
that minimizes the performanceindex J and the disturbancew that
maximizes J:

=3 wwaw s e
0

The feedback solution of this min-max problem is
u(x) =—BTVXT (18)
and

w(x) =(1/y)GTV! (19)
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where
H =V, A(x) + 3CT(x)C(x) + (1/2y*)V,.GG" V[
-iV,BBTV! <0 (20

isthe Hamiltonianand V, =0 V (x)/0x is the derivative of the CLLF
V(x). The equality in Eq. (20) is employed to generate the neces-
sary formulations for the nonlinear H, state feedback problem.
Substituting Eqs. (18) and (19) into the system (16), the closed-loop
nonlinear system becomes

X =A(x) - [BB" = (1/y)GGT V]! 1)

References 22-26 show that the HIB equation (20) can be reduced
toan algebraic Riccati equationif the linearized model is employed.
In this paper, the formulations for both the nonlinear state feedback
and linearized feedback for the H, control are compared and dis-
cussed.Based on the formulation of the nonlinearstate feedback, the
constraintfor the closed-looplinearized state matrix is developed. It
is shown that the optimal value of ¥ in the linear case cannotbe used
for the nonlinear system because the determinantof the closed-loop
linearized state matrix becomes very small. The spatially varying
coefficients in the nonlinear state equation make the system diverge
immediately.

B. Assumptions and Simplifications

For solving the nonlinear HIB equation (20), we assume that the
state and output matrices in the open-loop system can be expressed
as

N
AX) =Ax + DA () (22)

i=2

and

M
Cx) =Cix + >, Cy(x) (23)

1=2

In Egs. (22) and (23), i and [ denote the state matrices with the
ith and I/th powers of the state vector, respectively. Furthermore,
we assume that the CLLF V (x) can be written in a series form as
follows:

1 N +1
V(x) = =x" Xox + Vi if
() =26 Xox + Vi) i

i=3

N is odd

1 N+2
\% ==xTXx + Vi if
(x) = =27 Xox D Vi i

i=3

Niseven (24)

Now, the derivative of CLLF can be written as

N +1
Ve(x) =x"Xo + D Vi(x) (25)
i=3
We further assume that
Vi) =X, (x) - (26)
Ai(x) =A; i (x) -x 27
and
Ci(x) =C_1(x) +x (28)

Note that Eqgs. (26728)Aare basAed on the assumptions staAted in
Refs. 30 and 35. Also, X; and A; are n Xn matrices, and C; is a

p Xn matrix. Assumptions (26-28) allow system (16) to be written
in the following form:

A, X
Ar(x)
X = : + Bu + Gw (29)
AN —1(x) *
N T o—
Co X
Ci(x)
= " Ny (30)
N X
Cy—1(x) —
The derivative of the CLLF can be written as
2 r
A 0 'x
X (x) X
VI (x) = \ : 31)
o X
Xy -1 (x)_
where X, ..., Xy_1(x) are symmetric matrices. Also, A, =A,

and Cg = Cl .

The advantage of writing the state equation in a vector form is
that it allows the HJB equation (18) to be expressedin a matrix form.
This facilitates the series solution of the HIB equation to a desired
power of the state vector. We define Al as a null matrix, and

0 0

Az = 2 (32)
—0.1273x;x,  0.02596x5 + 0.5197x, x,

C. Methodology

The HJB equation (20) was formulated for a system without un-
certain coefficients. For the nonlinear wing rock system there are
uncertain coefficients that are assumed to satisfy the constraints
given by Egs. (13-15). The following procedureis employed to find
the HIB equation for a system with uncertain coefficients.

Because the HIB equation is a scalar and the Lyapunov function
is assumed to be symmetric, the HIB equation (20) can be modified
for an uncertain system as follows:

H=(H+H")2=YV][Ax) + AAX)]
+[AX) + AA@)]" V] + CT(x)C(x)

~V.[Bx)B"(x) = y2G(0)G T (0)IV]} <0 (33)

Arranging Eq. (33) based on the powers of the state vector results
in the following matrix form:

H,, H;, H;
T
. T
H =5 . ) ) ) . |=0 (34
X X
H;;

where

H, = Hy, =Xo(Ay + AAy) + (Ay + AA)T X,

- Xo[BB" — (1/y)GG 1%y + CLCy =0 (35
Hy=Hy,+ HY = Xo(A, + AA) + (A, + AA)DT X,

+ XAy + AAy) + (Ag + AADX, + CTCy + CLCy

- X\[BB" -y *GG"1X, - Xo[BB" — y2GG"]X] =0
(36)
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Hy = Hy + HL + Hy = Xo(A; + AAy) + (Ay + AAY)T X,
+ XA+ AAD) + (A + AADT R + Xo(Ag + AAY)
+(Ag+ AAY)TX, — X,[BBT — y2GGT1X,

— Xo[BBT —y2GG"1X, + CLC, + CTC, + CICy =0
37
L=5-2
Hy=Hy+H, + Hyy+ Hy = > [X,(A,_; + AA, )

i=0

+(Ap i+ AAL)T X - Z

j=0,r>0,andj+r=L

X,[BB"

L=5-2
-y2GGTIX, + > [clc,]=0 (38)

i=0

and so on. Note that the reason for having the highest power of
the HIB matrix coefficients equal to L =N —2 in Eq. (38) is that
each matrix coefficienthas a state vector on both sides. Althoughthe
power of the coefficients for the HIB equationis N, the power of the
interpolated coefficients in the HIB matrixis L = N — 2. Rearrang-
ing the HIB equation (34) based on the powers of the state vector
gives H, =0, H; =0, H; =0,....Thus, the followingequationsfor
the series solution are obtained.

1. Second-Power Term of the HIB Equation

The second-power term in the HIB equation represents the lin-
earized model of the nonlinear H,, problem with uncertainty. Ap-
plying the constraint given by Eq. (15) results in the second-power
term of the HJB equation changing into an algebraic Riccati equa-
tion (ARE):

XoAg + Al Xy + €E] Eo — Xo[BB" — y*GG”
- S_ZJ(]JUT]XU + C({CU =0 (39)

The preceding ARE has a symmetric, positive, semidefinite solution
if and only if the following conditions are satisfied: 1) the pair
(A,, B) is stabilizable, 2) the triplet (Ao, G, J,) is stabilizable, and
3)the triplet(ég, E,, Ay)isdetectable. Therefore, the optimal values
of y and X, can be determined by following the procedure given in
Ref. 22, so long as the closed-loop linear state matrix A, is stable
and X is symmetric positive semidefinite.

2. Third-Power Term of the HIB Equation
The third-power term of the HIB equation given by Eq. (36) can
be simplified as follows:

Hy=H,+HL=A"X, + X|A. + 01(x) =0 (40)

where
01(x) = XoA, + AT Xy — e (11J] + JJ])

+C. ¢l +cle + E(EVE, + ETEy) (41)
Note that A, is the linear, closed-loop state matrix given by

A, =A—[BBT — y2GGT1X, (42)

InEq. (41), all coefficientsin Q,(x) are known. In addition,all terms
of Eq. (41) are associated with the first power of state variables.
Therefore, the third-power term of the HIB equation can be seen as
a first power of the closed-loop Lyapunov equation. This equationis
linear and, therefore, can be solved using a linear algebraic process.

3. Fourth-Power Term of the HIB Equation
The fourth-power term of the HIB equation is given by Eq. (37).
As in the preceding case, this equation can be simplified as follows:

Hy=Hs+HL+ Hyp =ATX, + XA, + 0,(x) =0 (43)
where
0.x = XoA, + AT X, + XA, + AT X,
=&y + I+ LJS) +(C.Cf + CJCy + €T Cy)

+&(ELE, + ETE, + ETE)) (44)
Equation (44) can be written in a compact form:

S=L-1
Ox(x) = Qr(x) = Z [XiAS—i+1+A§—i+1Xi]

i=0

L L L
e S S S ]
i=0 i=0 i=0

(45)

with L =2. Note that i, j, K, r, and S are positive integers.
Equation (44) representsthe second-powerexpansion of the closed-
loop Lyapunov equation. Note that the fourth-power term in the
HJB equation, namely, H,, is solved to obtain the second-power
Lyapunov coefficient X,(x) that contains the second-power of the
state vector. If the HIB equation is successively solved from zero
power to first power of the state vector, the parameters inside Q,(x)
will all be known. Again, the procedure to solve X,(x) involves an
algebraic process only.

4. Higher-Power Terms in the HIB Equation

Following the case in Sec. III.C.3, the solution of higher-power
terms of the CLLF shown in Eq. (38) can be obtained using the
appropriate higher-power HIB equation as follows:

H =ATX, ,(x) + X, _2(x0)A. + @, _»(x) =0 (46)

where
S=L-1
Q/x(x) =0u(x) = D [Rihs_iui +AT_, %]

i=0

L L L
e S S S ]
i=0 i=0 i=0

47

Notethat L =1 —2and I =3. The precedingformulationsallow the
nonlinearCLLF to be computedas aseriesbased onthe powersof the
state vector. Note that as long as the system is solved successively,
the terms on the right hand side of Eq. (47) are all known. This
allows the series solution of the closed-loop Lyapunov equation to
be obtained by algebraicprocessesonly.Infact, the algebraicRiccati
equation (ARE) (39) can also be written in an analogous manner as

XoA. + ATXo+ 00 =0 (48)
where
Qo = X[BBT — (1/yH)GGT1X, + CIC, (49)

The nonlinear feedback controller and the exogenous input are ob-
tained as

u=-BTx)[X, X, Ry dlx x - x]T (50)

and
W=(1/72)GT(X)[XU X] XN—I][X x eox]"
(51)
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In the next section, stability issuesrelated to the H. nonlinear feed-
back control of nonlinear systems and the stability of the nonlinear
CLLF are discussed.

D. Stability of the CLLF

For H,, control of linear systems, the optimal value of ¥ is usu-
ally selected such that some of the closed-loopeigenvaluesare very
close to the imaginary axis. As long as the solution of the ARE
X, is positive definite and the real parts of all of the eigenvalues
of A, are located in the left complex plane, this value of y can
be considered the optimal value. Because some closed-loop eigen-
values are very close to the imaginary axis, the determinant of the
closed-loopstate matrix is very small. In the nonlinear H,, feedback
control of nonlinear systems, all coefficients of the CLLF are deter-
mined by the closed-loop Lyapunov equations. These equations are
directly formulated in terms of the linear, closed-loop state matrix
A.. Because the determinant of A, is very small, the coefficients
of the CLLF become very large. These coefficients also depend
on Q;(x), Qx(x), ..., Q:(x). The higher power of Q;(x) involves
Q;_1(x) and lower powers. The values of Q;(x) increase at each
successive value of the ith step because of the cumulative effect of
a small value of A,. This situation has a strongly adverse effect on
the stability of the system. Thus, the optimal value of y obtained
from linear analysis cannot be used for the nonlinear H,, feedback
control of nonlinear systems. The suitable value of y for the Hy
nonlinear feedback problems is discussed later.

We employ the Hessian matrix of the CLLF to determine the
suitable value of y for the nonlinear H, problem. The Hessian
matrix of the CLLF is given by

2
My = d—V()C) (52)

dx?

Note that the Hessian matrix of a scalar function is equivalent to
the Jacobian matrix of a vector function. According to the second
method of Lyapunov,?? for the equilibrium state x, =0 of the sys-
tem X = X (x) to be asymptotically stable in the global sense, it is
sufficient that there exists a scalar, continuous Lyapunov function
V (x) satisfying the following conditions: 1) V(0) =0,2) V(x) >0
forall x #0,and 3) V(x) =(8V/dx)x < 0 forall x #0.

If the CLLF is positive definite and the HIB equation s satisfied,
then the controlledsystem will be asymptoticallystable in the global
sense as shown here

V(x) =@V/ox)x = V,(A(x) + B(x)u + G(x)w)
<-{LCT(x)C(x) + LV, (0)[B(x)B" (x)
~(1/yHGGT )V (1)) <0 (53)

The proof of the above inequality (53) is given in Ref. 27.

The positive definiteness of the CLLF is determined by the Hes-
sian matrix of the CLLF. This Hessian matrix can be expressed as
follows:

X d . d .
My =X, + —[X; -x]+ —[X;-x]+ --- (54)
dx dx

For all x =0, the preceding matrix reduces to the solution of the
ARE. This matrix is positive definite if the conditions for the ARE
are satisfied. This guarantees that the controlled system is stable
in the small area around the origin. Because the controlled system
satisfies the HJB equation, the condition for the CLLF that V(x) <0
is automatically satisfied. If the CLLF can be found to be positive
for x 0, then the controlled system will be asymptotically stable
in the global sense. Note that Eq. (54) is expressed based on the
powers of the state vector. To enlarge the stability of the CLLF, the
following conditions are required:

A d . d .
X0>0 _[Xz'.x]>0 —[X4-x]>0,... (55)
dx dx

Note that the positive definiteness of the Hessian matrix is deter-
mined by the even-power solution of the HIB equation. Rewriting
Eq. (39) in matrix form gives

T % (L
- — - X
In Xn 0 2\ dx 1
In Xn T
My = . 1({d % d X )
. - — - X J— - X
: 2\ dx ™! dx 7
_In ><n_
In Xn
x| . (56)

where I, x, is an n X n identity matrix. As long as X, is positive
definite and

N 11 d .
Xy E[d_x(xl'x)]
>0 (57)

) JIN L
5 d_x( 1°X) a( 20 X)
the nonlinear controlled system will have larger stable region than
the linearizedcontroller. The higher the order of the positive-definite
interpolated matrix of the Hessian matrix in Eq. (56), the larger will
be the region of stability for the controlled system for all x =0. As
long as the Hessian of the CLLF is positive definite, the system will
be stable in the global sense. This is because the controlled system
satisfies the second method of Lyapunov and the convex theory of
the calculus of variations” However, even if the global solution
cannot be found by this procedure, this method will always provide
a larger stable region for the nonlinear controlled system than that
obtained with the linearized controller.

IV. Results and Discussion
A. Solution of CLLF
To find the CLLF derivative with respect to the state vector for
the nonlinear wing rock system, the ARE is solved first. It can
be verified easily that Eq. (39) has a minimum value, y =1.0206,
using the bisectionmethod. However, the control based on this value
causes the determinant of A, to be very small. To avoid a small
value for the determinant of A, it is necessary to take the value of
y to be somewhat larger. Therefore, y is selected to be 1.5. The
corresponding solution of the ARE is obtained as

b g _[19797 13818
0T 13818 2.7223

The associated linear, closed-loop state matrix is given by

A, = Ay = [ByB] — (117")GoG} |Xo = - :
. 0 0B, 0o 20 —0.7878 —1.5019

Following the procedure outlined in the preceding section, the fol-
lowing CLLF derivatives with respect to the state vector are deter-

mined to be
A 0 0
Xi(x) = 0 0

—0.05081x,x, + 0.00077x2
—0.1154x,x2

—0.1154x,x2
0.0787x,x, + 0.0309 1x2



SHUE, AGARWAL, AND SHI 65

The CLLF derivative with respect to the state vector is found to be
Vix) =
1.9797x, + 1.38186x, —0.11461x7x, — 0.208x,x3 — 0.0508x3
1.3818x; + 2.7223x, — 0.1154x7x, + 0.0787x;x7 + 0.0303x;
Therefore, the nonlinear H,, controller can be computed as

u(x) = —B"VT = —1.3818x, — 2.7223x, + 0.1154x2x,

- 0.0787x1x§ — 0.0303)@
and the worst-case feedback disturbance as

w(x) =(1/y*)GTV! =0.6141x, + 1.2099x, — 0.0513x2x,

+0.035x,x3 + 0.0135x3

B. Comparison of Linear and Nonlinear Control Laws

The wing rock motion without any control is shown in Fig. 1.
It is a limit cycle vibration. The control architectures for control
of wing rock motion using H,, linear and nonlinear control laws
are employed to show the potential of the proposed method. The
linear feedback model is the nonlinear system linearized about the

40

bl
f=)

Bank Angle (deg/sec)
<

-20

Time (sec)

Fig.1 Wing rock motion.
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equilibrium point (0, 0). The H, feedback control of this linear
model is the same as the second-power CLLF derivative, that s,

u =—BT Xox = —1.3818x; — 2.7223x,

w =(1/y)G" Xox =0.6141x; + 1.2099x,

InFig. 1, theroll angle of the wing rock motion is within £40 deg.
It is necessary that the developed control law can be used for any
initial condition of the roll angle based on this limit of +40 deg.
Therefore, several different initial conditions from small to large
are used to compare the stability of the controlled wing rock mo-
tions using the linear and nonlinear control laws. These conditions
graduallyincreasethe initial value from small to the limit of £40deg
to evaluate the difference between the linear and nonlinear control
laws. Results for the control of wing rock motion employing lin-
ear and nonlinear control laws under differentinitial conditions are
shown in Figs. 2-5. Figure 2 shows that the linear H,, control and
nonlinear H,, control are different even when the small initial con-
dition

[x1(0) %2(0)]" =[20deg 0]

is employed. Figure 2 also shows that the linear H,, feedback con-
trol law cannot stop the wing oscillation in a short time. However,
the nonlinear part of the nonlinear H,, feedback control makes a
big contribution to the closed-loop system that allows the wing os-
cillation to reach steady state within 6 s. In addition, the linear and
nonlinear H,, feedback controlinputs, as shown in Fig. 3, show the
monotonic behavior of the nonlinear H,, control in contrast to the
linear control. Furthermore, as the initial roll rate becomes larger,
for example for

[x(0) x,(0)]" =[20deg 120 deg/s]”
the linear-H,, -controlled system diverges as shown in Fig. 4. How-
ever, the nonlinear Hs controller still provides an excellent perfor-
mance for the nonlinear system. Figure 5 shows that the nonlinear
system controlled by the nonlinear H,, feedback remains conver-
gent even for very large initial conditions as high as

[x1(0) x,(0)]" =[100deg 100 deg/s]”
These results show that the nonlinear system controlled by the non-
linear H,, feedbackis stable in a much larger domain than the H
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Fig.2 Responses of the controlled system by linear and nonlinear feedback for small initial conditions.
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Fig. 3 Time histories of the linear and nonlinear Ho, feedback controller for the small initial condition.
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Fig.4 Responses of the controlled system by linear and nonlinear feedback for large initial conditions.

linear feedback control. Similar results using linear and nonlinear
control theory have been obtained by Garrard and Jordan *®

C. Discussion on the choice of y

The nonlinear H, control theory has recently been developed
in Refs. 21-29. The present paper applies the nonlinear H,, tech-
nique to the control of nonlinear wing rock motion. The effect of
the optimal value y on the nonlinear H,, problem is discussed.
It is shown that the optimal (minimum) value of y is not suit-
able for the nonlinear H, controller. For reasons of stability and
performance, it is necessary to increase the value of y for the
nonlinear H,, control problem. It is also shown that the system
controlled by linearized H,, feedback may not be stable in a suf-
ficiently large domain regardless of how large the value of y.
Using the nonlinear H,, control, the stable region of the controlled
system can be significantly extended compared to the linear H,
control.

Selection of the appropriate value of y is very important in the
nonlinear H,, control problem. Usually, the value of y is chosen
so that the second derivative of the CLLF remains positive definite
for all x #0. It ensures a larger stable region for the nonlinear H,
problem. If the highest power of the state equationis very large, the
value of y can be selected such that the determinant of A, is larger
than unity. The appropriatechoice of y allows the coefficients of the
CLLF derivativeto be reducedafter each calculation. This is because
each CLLF derivative is a CLLF that is determined by A.. By the
appropriate selection of y, the nonlinear, closed-loop system has a
larger stable domain around the origin. Whether y can be selected
such that the closed-loop, nonlinear system is asymptotically stable
in the global sense requires further study.

In the current wing rock example, the value of y is selected very
close to the optimal value. The closed-loop,nonlinear system using
nonlinear H,, control has a larger stable region than the nonlinear
wing rock system controlled by the linearized H,, control.
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Fig.5 Responses of the nonlinear feedback controlled system for large initial conditions.

V. Conclusions

A set of closed-loop Lyapunov equations have been developed
for calculating the CLLF derivative for the nonlinear H, control
problem. It has been shown that the nonlinear H,, problem is gov-
erned by the HIB inequality. This HIB inequality is reduced to an
algebraic Riccati inequality, along with several other algebraic in-
equalities, by expanding the derivative of the CLLF in a series form
of the state vector. It is shown that these algebraic equations can be
solved successively based on the state variable power of the HIB
inequality. A nonlinear wing rock equation of motion is employed
as an application example. It is shown that the nonlinear wing rock
system with uncertainties can be effectively controlled by the non-
linear H,, feedback, which provides a larger stable region than the
linearized H,, control.
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